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In causal forecasting models multiple regression is one of the popular ones. However, due to high
multicollinearity between the regressor variables multiple regression model parameters become
unstable. One of the alternate techniques to overcome such problems is ridge regression. Ridge
regression is not a very old find. Very few applications have so far been shown. While trying to set-
up criterion for admission to an engineering programme based on some science course grades in
high school examinations, we found that physics, chemistry and mathematics course grades were
highly correlated. We then successfully used a ridge regression model to estimate the required
GPA at college level. We also derived a relation which should be satisfied in order to be sure witha
95% degree of confidence that a student will maintain a GPA of at least 2.0. Using our ridge
regression model and relation as mentioned above we considered some cases of students scores in
high school science courses to study the possibility of achieving a higher GPA in college, i.e. at

least 2.0.

INTRODUCTION

A PROBLEM often encountered in the use of
multiple regression is the effect of multicollinearity
on the regression model.

Often in multiple regression problems, the
independent or regressor variables x; are inter-
correlated. In situations where this intercorrelation
is very large, we say that multicollinearity exists.
Multicollinearity can have serious effects on the
estimates of the regression coefficients and on the
general applicability of the estimated model.

The estimates of the regression coefficients are
very imprecise when multicollinearity is present. If
the prediction of new observations requires extra-
polation, we generally would expect to obtain poor
results. Extrapolation usually requires good esti-
mates of the individual model parameters.

Multicollinearity arises for several reasons. It
will occur when the analyst collects the data such
that a constraint of the form Zf,ax, = 0 holds
among the columns of the x matrix (the a; are
constants, not all zero). For example, if regressor
variables are the components of a mixture, then
such a constraint will always exist because the sum
of the components is always constant. Usually,
these constraints do not hold exactly and the
analyst does not know that they exist.

There are several ways to detect the presence of
multicollinearity. The reader interested in these
may refer to Hocking et al. [1].
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Several remedial measures have been proposed
for resolving the problem of multicollinearity.
Augmenting the data with new observations specif-
ically designed to break up the approximate linear
dependencies that currently exist is often sug-
gested. However, sometimes this is impossible for
economic reasons or because of physical con-
straints that relate the X;. Another possibility is to
delete certain variables from the model. This
suffers from the disadvantage of discarding the
information contained in the deleted variables.

Since multicollinearity primarily affects the
stability of the regression coefficients, it would
seem that estimating these parameters by some
method that is less sensitive to multicollinearity
than ordinary least squares would be helpful.
Several methods have been suggested for this.
Hoerl and Kennard [2] have proposed ridge
regression as an alternative to ordinary least
squares.

Good discussions of the practical use of ridge
regression are in Johnson [3], Marquardt and Snee
[4] and Vinod [5]. We have [6] in a study of setting
up admission standards for the College of
Engineering, King Abdulaziz University, encoun-
tered very high multicollinearity between mathe-
matics, physics and chemistry. This problem was
overcome by the use of ridge regression. Thus, in
this paper an application of ridge regression to the
problem of setting up a standard of admission
based on the performance of students in high
school mathematics, physics and chemistry is
shown. Using ridge regression coefficients a stan-
dard of admission has been proposed in order to
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help students achieve a minimum GPA of 2.0, as
required by the college regulations.

RIDGE REGRESSION

In ridge regression, the parameter estimates are
obtained by solving

b*(k)=(X'X + k) X'Y 1)

where I 2 0 is an identity matrix. To obtain ridge
coefficients b*s one must specify the constant k
where k 2 0. The ridge estimator b*(k) is not an
unbiased estimate of b, as is the ordinary least
squares estimator b, but the mean square error of
b*(k) will be smaller than the mean square error of

us the ridge regression seeks to find a set of
regression coefficients that is more ‘stable’, in the
sense of having a small mean square error. Since
multicollinearity usually results in ordinary least-
squares estimators that may have extremely large
variances, ridge regression is suitable for situations
where the multicollinearity problems exist.

To obtain the ridge regression estimator from
Eq. 1, one must specify a value for the constant k.
Generally, there is an ‘optimum’ k for any problem,
but the most simple approach is to solve Eq. 1 for
several values of k in the interval 0 < k < 1. Thena
plot of the values of b*(k) against k is constructed.
This display is called the ridge trace. The appro-
priate value of k is chosen subjectively by inspec-
tion of the ridge trace. Typically, a value for k is
chosen such that relatively stable parameter esti-
mates are obtained. In general, the variance of
b*(k) is a decreasing function of k, while the
squared bias [b — b*(k)]? is an increasing function
of k. Choosing the value of k involves trading off
these two proEemes of b*(k). However, we can

find optimum k by using the followmg formula [2].
MSE
k< <5 2
5’ o

where MSE is the mean squared error of the
regression equation and b is the estimated vector of
regression coefficients of the model.

DATA COLLECTION

Applied types of projects, such as the one under
consideration, do need historical data. The sources
of our data are within the university. It was
collected, edited and prepared in the proper format
for analysis.

At the first stage high school data was collected
from the academic affairs department for the
students whose computer numbers start with 80
up to the students whose computer number starts
with 85. In all, approximately 2000 files of students
were consulted and the appropriate data were
recorded and entered into a data file, thus accumu-
lating a raw data set of 1736 students records. Out
of these students records a random sample of 270

Table 1. Sample of scaled high school and college core GPA

Student Science subject GPA
number
Mathematics ~ Physics = Chemistry
1 88 60 71 1.80
2 72 62 63 230
3 87 80 80 2.50
4 99 90 88 335
5 94 76 90 3.20
6 86 71 59 3.67
7 71 66 74 223
8 86 77 79 331
9 78 82 82 207
10 72 62 63 230

were selected for our analysis for 99% accuracy.
All the columns, except the last one, in Table 1 give
a sample of such sample data.

After data checking and editing was completed,
each student mean grade point in college core
courses was calculated as follows:

Weighted total of college core grades

Ll Total of college core credit hours
Z(Y)(n
opa = ZC0X)
Zn

where GPA is the college core grade point average,

Y, is the grade in course i and #, is the number of
credit hours for the course i. The GPA appears in
the last column of Table 1.

ANALYSIS

Correlation ratios

A quick look at Table 2 shows that grades in
mathematics, physics and chemistry are highly
correlated with college GPA. Also, for example,
Fig. 1 suggests a linear fit through the origin. Our
physical phenomenon also confirms this assump-
tion. A student who scores a failing grade in x;, i.e.
ith course does not obtain admission to the college.
Hence, the question of GPA (= y) does not arise. In
other words x; <49 = GPA = 0, as the minimum
pass grade is 50.

Thus, in each case a regression line without
intercept was set up and found to be a very good fit.
Table 2, for the sample, gives the necessary
characteristics of regression lines E[Y]x].

Muiltiple regression

We have already discussed in the previous
section the reasons of fitting a regression line
without an intercept in the case of one variable. The
same logic holds in the case of multiple regression
as well. A student who fails in mathematics, physics
and chemistry (all three of them) will be denied
admission to the college. Hence, the question of a
non-zero GPA of college core courses for an X
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Table 2. Regression characteristics of physics, chemistry and mathematics
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Subject and symbol Regression coefficient Correlation ratio F-statistics
(intercept zero) (all highly
significant)
Physics (x,) 0.6931 0.954 2737.93
Chemistry (x,) 0.6887 0.947 2361.07
Mathematics (x;) 0.6238 0.956 2918.73
5
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Fig. 1. Scattergram of physics grade v GPA.

which contains at least one component x; < 50 does
not arise. In other words

X' =[x, x5, x3] > GPA=0

where at least one x;is < 49,

Because of this actual life physical phenomenon
we omit the intercept parameter b, from our
model. Thus, the model under study with y being
the core courses GPA was

y=bx,+bx,+bx;+e (3)

where the x, are already explained in Table 2 and e
is random error.

Before analysing the data of Table 1 we con-
verted these to an earned points system. A score of
50 means 1 earned point. A score of 54 means 1.4
earned point. Thus, a vector of scores [60, 70, 85]
will become [2, 3, 4.5].-

Table 3 gives some characteristics of our multiple
regression model based on the earned points

sytem. One can easily see the estimates of regres-
sion coefficients given in No. 1 of Table 3. Thus,
our model based on earned points of data as shown
in Table 1 and Eq. 3 is derived as

y=0.26023 x, +0.10019 x, + 0.30840 x; (4)

Discussion on problems
A multiple regression model may face one or
more of the following problems;

1. linearity in coefficients;

2. independence of residuals;
3. homosedasticity;

4. multicollinearity.

We did not face problems of linearity in coeffici-
ents. It is easily seen that our linear model in Eq. 4
gives a very high value of R?,i.e. 0.925. To test the

independence of residual one usually computes a

Durban-Watson statistic. For a 90% confidence
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Table 3. Multiple regression model characteristics

1. Regression parameters estimates

b, = 026023, b, =0.10019, b, = 0.30840

. MSE = §2=0.57008 = 52

bW R

k=333

0.0068392
—0.0032142

6. (X'X+kiy" = [-0.003177

7. Ridge regression coefficients

Durban-Watson (D-W) statistic value = 1.759
. n = number of students considered = 270

=0.003177 —0.0032142
0.0062727 -0.002692
—0.002692 0.0053698

b, =0.25866, b, = 0.10362, b, = 0.30657

8. R*=(925

F statistic value = 1099.30

the D-W statistic [7] should be between 1.65 and
2.35. From No. 3 of Table 3 one can easily see that
our value of the D-W statistic does satisfy this 90%
confidence requirement. Ahmad ez al. [6] have also
shown that the homosedasticity requirement is also
met. One can easily calculate the correlation
between any pair of the independent variables. It
was found that the correlations are very high, i.e.
approximately 0.99. This leads to one of the two
alternatives, i.e. either to use one of the single
variable regression equations given in an earlier
section or to apply the ridge regression technique.
The first alternative is completely ruled out. The
reasons are that it is not possible to decide which
equation one should use. Also the use of one
necessarily implies that the high school grades in
the other two subjects should not be taken into
account, even though these may be very poor, i.e.
just near the passing grade of 50. How can one
justify admitting a student whose grade vector, say
is [50, 50, 80] or [1, 1, 4] conversion to earned
points after scaling? Moreover, in spite of a good
correlation between two variables one can still use
both of them in the model [8]. This then may result
in high values of variances, i.e. a problem of
multicollinearity.

Ridge regression model

In order to overcome the problem of multi-
collinearity one applies the ridge regression tech-
nique. The technique is discussed in detail earlier.
The estimates of parameters are found using Eq. 1.
A value of k which stabilizes the estimates of
parameters b, is to be found. This is obtained as
3.33, given in No.5 of Table 3. Thus, we can
estimate stable b;s at k= 3.33. Using values given
in No. 7 of Table 3, we get

y=0.25866x, +0.10362x, + 0.30657x, (5)

where x; are earned points.
This is the equation which would be used for
prediction of GPA.

PROBABILITY OF ACHIEVING A HIGHER
GPA

A student, in order to continue his or her studies
in the college, is required by the authorities to
maintain a GPA of at least 2.0. In other words in
order to graduate with at least a pass GPA, a
student’s minimum GPA should be 2.0. Now
suppose the admission authorities would like to
know whether an applicant with an achievement
vector a =|a,, a,, a,], where as are earned points in
high school physics, chemistry and mathematics
grades, respectively would be able to maintain a
GPA of 2.00 with a 95% degree of confidence. We
would now derive a relation which should be satis-
fied by vector a in order to obtain an acceptance
for admission:

Ifa,i=1,2,... nbe the observed values of
independent variables in an individual case and y
be the value to be predicted then a ¢-distribution [7]
can be used to calculate the probability of obtaining
y. The formula is given by

Ply2j] = Plt,p- 2 (y— J)/[Var(y—$)]'"?] (6)
where j is the estimated value from Eq. 5 and
Var(y— §)=s1 +a'(x'x + kI)"a;.

Observe that for Eq. 6 to be 20.95 with our large
sample size n (#200), the value of ¢ is —1.645.

Now substituting y = 2 in the regression relation
Eq. 5 for y, and values of s? and (X" X + kI)™! from
Table 3 into Eq. 6 and squaring the relation within
the bracket we obtain

1.034a, + 0.413a, + 1.226a, — 0.056a3
—0.00143 — 0.086a3 — 0.063a, 4,
—0.169a,a;—0.072a,a,< 2.457 (7)

Let us consider a couple of cases to see if these can
be accepted for admission with a degree of
confidence of 95% that the applicants will graduate
with a minimum GPA of 2.0.

Case 1: a=|[4.5,5.0, 5.0], and the left side of Eq.
7 is 2.52, hence one cannot be 95%
confident about this case.
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CaseIl: a=|5,4.5, 5] and the left side of Eq. 7 is
2.35, hence one can be 95% confident
that an applicant having an achievement
vector a in high school physics,
chemistry and mathematics will graduate
with at least a GPA of 2.0.

Also note that if one claims that he or she would
achieve a GPA of 2 with their hard work in spite of
the fact that y < 2, the probability of this claim to be
true can be calculated from Eq. 6.

Conclusion

As a student who fails in science courses in high
school cannot be admitted and was never admitted
either to the college programme, hence, the student
cannot score a non-zero grade in GPA. We,

therefore, deleted the intercept parameter from
our analysis.

Since we found that mathematics, physics and
chemistry were highly correlated, our multiple
regression equation could not be used for predic-
tion due to instability of the parameters. We then
estimated ridge parameter k and re-estimated
regression parameters which give stable para-
meters. This new equation is used for prediction.

We also derived a relation which should be
satisfied if one wants to be sure with a 95% degree
of confidence that an applicant will graduate with at
least a GPA of 2.00.
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